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Abstract

The supremum over all knot sequences of the max-norm of the orthogonal spline projector is studied with
respect to the order k of the splines and their smoothness. It is first bounded from below in terms of the
max-norm of the orthogonal projector onto a space of incomplete polynomials. Then, for continuous and for
differentiable splines, its order of growth is shown to be v/k.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

In 2001, Shadrin [10] confirmed de Boor’s long standing conjecture [1] that the max-norm
of the orthogonal spline projector is bounded independently of the underlying knot sequence.
However, the problem was not solved to complete satisfaction as the behavior of the max-norm
supremum remains unclear. Shadrin conjectured that its actual value is 2k — 1, having shown that
it cannot be smaller. Here the integer k represents the order of the splines, meaning that the splines
are of degree at most k — 1.

In this paper, we study the max-norm of the orthogonal projector onto splines of lower smooth-
ness. For a knot sequence A = (—1 =19 <] <--- <ty—1 <ty = 1) and for integers k and m
satisfying 0 <m <k — 1, we denote by

Skm(A) = {s IS C’”_l[—l, 112 8y(4_y.,4) 18 @ polynomial of order k,i =1, ... ,N} ,
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the space of splines of order & satisfying m smoothness conditions at each breakpoint ¢, ... , fy—_1.
Thus Sk o(A) is the space of piecewise polynomials, Sx 1(A) is the space of continuous splines,
and so on until S x—1(A) which is the usual space of splines with simple knots. The orthogonal
projector Pg,  (ay onto the space S, (A) is the only linear map from Ly[—1, 1] into S (A)
satisfying

<P8k_m(A)(f)7s) = <f,S>, f € La[—-1,1], s € Sk,m(A)s

where (-, -) is the usual inner product on L;[—1, 1]. We are interested in the norm of this projec-
tor when interpreted as a linear map from Loo[—1, 1] into Loo[—1, 1]. Shadrin established the
finiteness of

Mo =510 P ol
by proving that Ay x—1 = max,, Ak, is finite. His proof was based on the bound

H PSk,kfl(A) Hoo S H GK] Hoo ’

in terms of the ,-norm of the inverse of the B-spline Gram matrix. But he also remarked that
the order of the bound obtained as such cannot be better than 4% / Vk, the order of G gl lloo for
the Bernstein knot sequence J. Therefore, in order to get closer to the value 2k — 1, it is necessary
to propose a new approach.

The approach we exploit in the second part of this paper originates from the known behavior of
the quantity Ag o. The orthogonal projector onto Sk 0(A) has a local character, hence is deduced
from the orthogonal projector onto the space Py of polynomials of order k on the interval [—1, 1].
In particular, for any knot sequence A, there holds || Ps, ;) llcc = || PP, lloc- Then, according to
some properties of the orthogonal projector onto polynomials, see e.g. [5], we have

| Ps.om ]l = L |Pp, (f)(1)|  so that Ay o = V. (1)

loo <

We will show that the behavior of Ay ,, is not radically changed if we increase the smoothness to
m = 1 and 2, thus improving de Boor’s estimate [2]

Ax1 < HG(;]H X4k/\/z.
o0
Namely, we will prove that
Ag.m <cst - Vk, m=1,2.

On the other hand, the order of Ay, will be shown to be at least JVk form = 1,2. This is a
consequence of a result which gives some insight into the inequality Ay x—1 > 2k — 1. Indeed, for
any m, we will indicate a connection, extending the one of (1), between Ay ;,, and the orthogonal
projector onto a certain space of incomplete polynomials. To be precise, we introduce the following
space of polynomials on [—1, 1]:

Pr.m := span [(1 +o" .., 1+ -)k*]} , (2)
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and we denote by p; ,, the value at the point 1 of the Lebesgue function of the orthogonal projector

Pp, . onto the space Py, i.e.

Pem = sup |Pp_ (/D).
I flloo <1

With this terminology, we prove below the inequality
k
Akn 22— P (3)
k—m

This lower bound is of order ~/k for small values of m and of order k for large values of m, which
gives some support to the speculative guess Ag , < k/+/k —m.

2. Bounding Ay, from below

In this section, we formulate a result which readily implies the lower estimate of (3). Let us
introduce the quantity

Yim N = sup sup | Ps,, ) (HD]]-
A=(—1=tg<--<ty=1) | [flloo<1 )

We aim to bound Y, n+1 from below in terms of Y ,, v, following an idea used form = k — 1
in [10] and which appeared first in [8] in the case k = 2. Namely, we prove in Sections 2.1 and
2.2 that

m
Yim N1 ;Yk,m,N + Ok @

In other words, we have

k
(Ykm.N+1 — Okm) 2% (Yim,n — 0k,m)  where g = T Pl

In view of Yt ;u.1 = pg.o = 0,0, We infer

m\N—1
YN = Okom = (—) (0k,0 — 6km) —> O hence sup Yi N = Ok,m.
k N—o0 N

This translates into the following theorem.

Theorem 1. There hold the inequalities

N—1 N—1
sup H Ps, . A ”oo Z YemnN = [(%) ] ok,0 + |:1 - (%) i|0'k,m-

A=(—1=ty<--<ty=1)

In particular, one has

szp || P’Sk,m (A) || 00 2 Uk,m-

We note that, in the case k = 2, Malyugin [7] established that these inequalities are all equalities.
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2.1. Estimating Y m N+1 in terms of Xi m N

In order to derive (4), let us fix a knot sequence
A=(—l=tn<tj < - <tn_1 <ty=1),
and let us consider the refined knot sequence
Ai=(—l=tg<hh<---<ty_1<t<ty=1).

We have the splitting
Skn(B) = Siun(A) ® Tim - where T = span fo = ..., e =1}

Let P;, P and Q, denote the orthogonal projectors onto Sy, (A;), Sk.m (A) and Ti ¢, respectively,
and let 1 denote the function constantly equal to 1. We are going to establish first that

ei=sup IP(f) = P(f) = Qu(f)+ PN Dl —0. )

flleo <1

The following lemma is a kind of folklore.

Lemma 2. The orthogonal projector P from a Hilbert space H onto a finite dimensional subspace
V = V1 @ V5 can be expressed in terms of the orthogonal projectors Py and P, onto Vi and V> as

P=(I~PP) Pl = P)+ (= PyP) Py(I = Py).

Proof. We remark first that the operator I — P; P, is invertible, because || P P»|| < 1 for the
operator norm subordinated to the Hilbert norm || - ||. Indeed, for v» € V>, we have

2 2 2 2
v2ll” = | Pro2ll” + llv2 = Proa || > [ Proa |,

and due to the finite dimension of V>, we derive that || Py)y, || <1, hence that || Py P> || < || P1jv, || P2 |l
< 1. Similar arguments prove that the operator I — P, Pj is invertible. Then, for 1 € H, we write
Ph =: vy + vy for vy € Vi and v, € Vo. We apply P; and Py P> to Ph, so that, in view of
PP = Pand PP = P, we get

Pih = v+ Piv

PiPyh = PyPovy + Pivy thus Piy(I — P,)h = (I — P1 P>)v;.

We infer that vi = (I — Py Pz)_lPl (I — P>)h. The expression for v, is obtained by exchanging
the indices. [

In our situation, and in view of (I — Q;P) ' =1+ Q,(I — PQZ)’IP, Lemma 2 reads

P=(—-PO) 'PUI-0)+U~-0,P) QI -P)
= —-PQ) (P —PQ)+ Qi — Q:P + Q:(I — PQ)"'PQ,(I — P). (©6)

We claim that, for the operator norm subordinated to the max-norm, one has

QP —P(e)(HQ/1) — 0, PO, — 0.
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To justify this claim, we remark first that the orthogonal projector Q; is obtained from the orthog-
onal projector Pp, , onto the space P, introduced in (2) by a linear transformation between the
intervals [z, 1] and [—1, 1]. Namely, for u# € [f, 1], we have

~(2u—1-— ~ - !
/()W) = Pp, (/) <”1—,t) f@)y=f (#)

Then, for s € Sgn(A), [Islleo <1, we get, as ||s”||o < C for some constant C,
10:(s) —s(H QDo = || Pp,,, G —s(DHD
<[ Prey o lls = s lloo ety < | Pry, o CCL=0).

This implies the first part of our claim. Next, fixing an orthonormal basis (sl-)l.L:l of Sk.m(A),
a function f vanishing on [—1, #] and such that || f||oo < 1 satisfies

L L 1
s <2 [ wlde o =,
i=1 o i=1"!

The second part of our claim follows from the facts that , — 0 as t — 1 and that the norm of
0, is independent of 7.

Now, looking at the limit of each term of (6) with respect to the operator norm, we derive (5)
in the condensed form

Pr =P = Qi+ P()1)Qi(1) —0.

1Pflloe =

From the definition of &;, one has in particular

sup [P (f)(D) —[1 = Q:MMIPfHD) — i (NHD] <é&. N

[ flloo <1

Let us stress that [1 — Q,(1)(1)] is independent of 7, as it is simply [1 — Pp,, (1)(1)] =: pg -
For f, g € Loo[—1, 1], [ fllco <1, lIglloc < 1, and for f; € Loo[—1, 1] defined by

f(x)’ xe[_19t]a

Jilx) = {g(x>, el ],

we obtain from (7) the inequality

[P (f) (D) = 1 PO = O () (D] ey
We note that O, (f;) = Q,(g) and that |P(f; — f)(1)] <1, to get
Y N+12 [P (D] = |y PO + O (f)D)| — &
> [ POD + 0D = |vem| n: — &

As the functions f and g were arbitrary, we deduce that

Yk,m,N+1>|yk,m|” sup IIP(f)(l)|+ sup Q@) (D] — |vgm| 1: — &1

loo < llglloo < 1

The second supremum is simply the constant p; ,,. In this inequality, we now take first the limit
as t — 1 then the supremum over A to obtain (4) in the provisional form

Yk‘m,NJr] P |Vk,m‘ Yk,m,N + Plk,m+
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2.2. The orthogonal projector onto Py
To complete the proof of Theorem 1, we need the value of y; ,,, thus the value of Pp, , (1)(1).

For this purpose, we call upon a few important properties of Jacobi polynomials which can all be
found in Szeg6’s monograph [12].

The Jacobi polynomials Pn(a’ﬁ ) are defined by Rodrigues’ formula
- d"
(1= 01+ 0 PPy = C [ =021 oy @®)
2"n! dx"

They are orthogonal on [—1, 1] with respect to the weight (1 — x)*(1 + x)#, when o > —1 and
f > —1 to insure integrability. They obey the symmetry relation Pn(“’ﬁ ) (x) = (=" Pn(ﬁ ) (—x)
and the differentiation formula

d [, @p) _onto+B+1 i1
PP ] = =R ), ©)
Their values at the point 1 are
, n+ua (n+o)---(a+1)
PP (1) = ( . ) - - : (10)

These properties recalled, we can formulate the following lemma, which implies in particular that
Vem = (=D¥""m / k.

Lemma 3. There hold the representation

1
Pp,. (F)(1) = 27" (k + m) / " P ) f @) d
and the equality

PPk.m(l)(l) =1- (_l)k—m%‘

Proof. Let us introduce the polynomials p; € Py, defined by p;(x) := (1 4+ x)™ Pi(o’zm)(x).
The orthogonality conditions

1

1
RO 6 = [ a +x)2 PO () PO (x) dx = f | PitOp;(x)dx

show that system ( p,-)f.‘:_(} ~™ is an orthogonal basis of Py . Therefore the orthogonal projector

onto Py » admits the representation

& (i f)
Pp, ()= Y —p.
For y € [—1, 1], it reads
k—1—m 1 1
Pp, (N = Y Wfl(l +20" PO () f () dx - (14 )" PO ()
i=0 i -

1
:;f 4+ x)" (1 + )" KO (x, y) f(x) dx.
—1
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According to [12, p. 711, the kernel K*7") (x, 1) is 272" (k +m) P{"}™ (x), hence the rep-
resentation mentioned in the lemma. We then have

1
Pp,, (H(1) = 2—m—1(k+m)/ (14 x)"P™ (x)dx
-1

1
- d [ ,02m-1)
=27 [+ [P w)] d
| e [ ] as
1 1
= <[(1 +0" PO D) l—mf a +x)m_1Pk(O’im_1)(x)dx>
- ~1
1
- 1—2*mm/ (14 x)"=1pL2m=D () g
(10) -1
The latter integral equals (—1)¥=""2" /k, as the following calculation shows:

1
/ (A +x)" PO () dx
-1

_1\k—m 1 k—m
) / d+x)m. 4 [(1—x)’<—"’(1+x)k+m—1] dx

® 2mk —m)! ), dxk=—m
1 1 dk—m p p |

~ 2k ik —m)! /1 dk—m [+ A =0 "1+ )" dx
1 (—=D)k=mk —

1)‘ ! k—m m—1
T2 mk—m)! (m—D)! /,] (=222 dx
=DM — D 2Kk —m)lm— D! RN S R
T2kem(k —m)l(m — 1)) k! N k-

3. On the constant py ,,

‘We now justify that the quantity Ay ,, is at least of order Vk for small values of m and at least
of order k for large values of m. Precisely, the behavior of oy ,, is given below.
Proposition 4. The lower bounds Gy for Ay m satisfy

Okk—1 = 2k—1,
Ok k-2 ~ Ck—2k, ck—2= de™ ' ~ 1.4715,
k—o00

Ok k=3 ~~ cx—3k, cp—3 =~ 1.2216,
k— 00

om ~ ok, c¢=22/n~1.5957 if m is independent of k.

k—o00

This will follow at once when we establish the behavior of the constant py ,,. According to
Lemma 3, this constant can be expressed as

p:2m (x)’ dx. (11)

1
Prm =2""""(k +m) /—1 (L+x)" P10,

To the best of our knowledge, whether p; ,,, equals the max-norm of the orthogonal projector onto
Pr.m 1s an open question, although this is known for m = 0, is trivial for m = k — 1 and can be
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shown for m = k — 2. It also seems that there has been no attempt to evaluate the order of growth
of py ,, uniformly in m. Nevertheless, for small and large values of m, such evaluations can be
carried out.

Lemma 5. One has

Pri—1 = 2=1/k,
P kn —> 8”1 ~2.9430,
’ k— 00

Pri-s =7 2+ 82+ V3)e3 V2 _ g2 — /3)e VN2 & 3.6649.
— 00

Proof. The fact that Pél’Zk_z) (x) = 1 clearly yields the value of p; ;_;. We then compute
P1(1’2k74) (x) = % [(2k — 1)(1 4+ x) — 4k + 6] and we subsequently obtain

2 4Ck=3) (23 "*1_)8,1
= — e
Plee—=2 = ¢ k %—1) i

Finally, we find that Pz( 1.2k-6) (x) equals
JT [(k — D2k — 1)(1 4+ x)* = 8(k — 1) (k — 2)(1 + x) + 4(k — 2)(2k — 5)] .

The roots of this quadratic polynomial are

2%k —7-2,/2%2 2k —7+42,/2%2
-xl - ’ x2 -
2k — 1 2k — 1
After some calculations, we obtain the announced limit from the expression

2%k —3 42k —3) 14+ x\2
Pre=3 =~ + T [2—Kk)(1+x1) + 2k —5] >

42k —3)
k

k=2
(2 — k)(1 + x2) + 2k — 5] (1 J;”) .0

As for small values of m, the behavior of p; ,, follows from a result of Szegd [11, pp. 84-86],
whose first part was sharpened in [6].

(o /5)

Proposition 6 (Szego [11]). If 24 — + > 0, there is a constant ¢; ™ such that

1
(1 — x)*(1 + x)" dx ~ ¢*Pp-1,
0 n—o0 2ol
If27. — o+ % < 0, there is a constant dia/;ﬂ ) such that

1
/ (1= )7 (1 4 x)*
0

dx ~ d/(ix’ﬁ)n_ﬂﬂ_?
n—o0 ’



162 S. Foucart / Journal of Approximation Theory 140 (2006) 154—177

Only the formula for the constant c( ﬁ )5 is relevant to us, it is

2/l+ll+2
P = 2 (sin 0/2)7%F (cos 0/2)24 P2 do.
K nﬁ 0

Lemma 7. If m is independent of k, one has

232

Pk,m k:oo ﬁ

V.

Proof. We split the integral appearing in (11) in two and use the symmetry relation to obtain
! 1,2
/ (14 x)™ ‘P,f lmjn(x)‘ dx

1
/(1 0" P2 %(x)‘dx—i—/ 1+ [P (0| dx
0

((Zm 1)+ (lZm))k 3

k—)oo

Substituting the values of the constants gives
(2m 1) P (1 2m)

2m+2 z

= [/2 (sin 0/2)2 (cos 0/2)"2 czeJr/7 (sin 0/2)"% (cos 0/2)2 d@}
nﬁ 0 0

2 [ g 1 _1 T L 1
= / (sin0/2)2 (cos 0/2)™2 d@—i—/ (cosn/2)" 2 (sinn/2)2 dn
LNL z

2m+2

= / (s1n0/2)2 (cos0/2)~ 2 4o.

For p, g > 0, it is known that

n 1
fo (sin 0/2)*7~" (cos 0/2)*1~" df = /0 w1 (1 — )1~ du = —ﬁp)i(;])) '

Thus, in view of I'(z)I'(1 — z) = =/ sin(nz), we derive that

3 1
oy, oo _ ETET() _22ys
mO Om TCﬁ F(l) ﬁ s

and the conclusion follows. [

Some numerical values of the constant p, ,, are indicated in the table below.
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Diem k=1 k=2 k=3 k=4 k=5 k=6 k=7
m=0 1 16666 2.1757  2.6042 29815 33225  3.6360
m=1 1.5 21066  2.5693 29625  3.3120  3.6305
m=2 1.6666 23221 2.8 3.1959  3.5430
m=3 175 24493 29503  3.3586
m =4 1.8 25332 3.0560
m=>5 1.8333  2.5927
m=6 1.8571

We observe that p; o increases with k, a fact which has been proved in [9]. It also seems that
Pk.m increases with k for any fixed m. On the other hand, when & is fixed, the quantity p; ,, does
not decrease with m, e.g. we have p5 o ~ 4.4607 < pyy; ~ 4.4619. The tentative inequality
Pok k <Pk o may nevertheless hold and would account for the guess oy, < k(k — m)~1/2
rather than the other seemingly natural one, namely oy ,, < k&+m/2k ndeed, we would have
026,k = 2k/k - o S2ppp 0 <CSt- Vk, so that the order of a2 ; could not be k3/4,

We display at last some numerical values of the lower bound oy ;.

okm k=1 k=2 k=3 k=4 k=5 k=6 k=17
m=0 1 1.6666  2.1757  2.6042 29815 33225  3.6360
m=1 3 3.16 34258 37031 39744  4.2356
m=2 5 46443 46666 47938  4.9603
m=3 7 6.1233 59006  5.8775
m=4 9 75996 7.1308
m=5 1 9.0745
m=6 13

For a fixed k, it seems that o ,,, increases with m. However, for a fixed m, it appears that oy , is
not a monotonic function of k. The initial decrease of oy ,, could be explained by the facts that
Om+1,m = 2m + 1 and that 62, ;, < /m, if confirmed.

4. Bounding A ,, from above: description of the method
We present here the key steps of the arguments we will use to determine an upper bound for

Ak.m- The idea of orthogonal splitting comes from Shadrin, who suggested it to us in a private
communication.

4.1. Orthogonal splitting

The space Si i (A), of dimension kN — m(N — 1), is a subspace of the space Sk o(A), of
dimension kN, hence we can consider the orthogonal splitting

1
Sk.0(A) =: Sk.m(A) Ry m(A)  with dim Ry, (A) = m(N — 1).
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If Ps, ya)» Ps,,a) and P, (a) represent the orthogonal projectors onto Sk,0(A), Sk,m(A) and
Ri.m(A), respectively, we have

P, o8) = Psi ) + PRty thus [ Ps, |l < I Psoy |l + [ PRy o -

We have already mentioned that || Ps, ,(a)llco = pyo for any knot sequence A, therefore our task
is to bound the norm || Pz, A) lloo-
In order to describe the space Ry, (A), we set

(o= =th<tij=--=HH < - <IN_1=--=IN_| <IN=:=1N)

k k—m k—m k
= (1< STL4k),

so that g, (A) admits the basis of Lj-normalized B-splines (Mi)iL:p where M; := My, .
Using the Peano representation of divided differences, we have

Ttk

1
feRimA) <= f €S, / M;- f=0 foralli
-1

— f=F®O  FeSyui), I[t....,14lF =0 foralli.
It is then derived that

F = 0 k-fold at 19,
RimA)={ FO FeSyi(A), F=0 (k—m)foldats;, i=1,...,N—1,
F = 0 k-fold at ty

=Rin D) SR, (A& - BRY, (D),
where each space R;;’m(A), supported on [#;_1, #;+1] and of dimension m, is characterized by

fe R};ym(A) — f= F® for some F € Sok k(A), supp F = [ti—1, ti+1],
F =0 k-foldatt;_q,
and F =0 (k— m)-fold at 1;,
F =0 k-fold at ;1.

4.2. A Gram matrix

The max-norm of the orthogonal projector onto the space Ry »,(A) will be bounded with the
help of a Gram matrix. We reproduce here an idea that has been central to the theme of the
orthogonal spline projector for some time.

PV and @)1V bebases of Rim(A) andlet M = [{p;, @)]Z’/(.Zf”

be the Gram matrix with respect to these bases. If, for some constants i, 7| and 7., there hold

Lemma 8. Let (¢;)

. —1 .. ~
W [m] <) ol < G Y ad]  <vsellale
then the max-norm of the orthogonal projector onto Ry m (A) satisfies

PR g <571 Voo
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Proof. Let P denote the projector P, (). For f € Loo[—1, 1], [ flle = 1, let us write

P(f) ="V a;$;, s0 that | P(f)lloo < Voo llallo- The equalities

bi = (@i f) = (i, P()) =Y _ ajle;. ®;) = (Ma),
J
mean that a = M ~'b. Since |b;| < llo; |1, we infer that ||a | oo < M oo - 1B]loo <k - 1. Hence
we have || P(f)|loo <K - )1 - 7o0. Which completes the proof, as the function f was arbitrary. [

Let us remark that the entries of the Gram matrix will be easily calculated by applying the
following formula, obtained by integration by parts. One has, for r; := Rl.(k) € R}'{’m(A),

s =3 RE L [s06) =sVaH]. s € Seola. (12)

=0

4.3. Bounding the norm of the inverse of some matrices

If we combine bases of the spaces R}C n(A) toobtain Ly and Lo-normalized bases of Ry (A),
with respect to which we form the Gram matrix, we observe that the latter is block-tridiagonal, as

a result of the disjointness of the supports of R};’m (A) and R,J(m (A) when |i — j| > 1. However,
we may permute the elements of the bases to obtain the Gram matrix in the form considered in
the following lemma and to bound the £~,-norm of its inverse accordingly. Let us recall that a
square matrix A is said to be of bandwidth dif A; ; = O assoon as |i — j| > d.

Lemma 9. Let B and C be two matrices such that BC and CB are of bandwidth d. If { :=
max(||BC||1, |CBIl1) < 1, then, with & == max(|| Blleo, |Clleo), the matrix

1+ Q2d-1
N = [é"%} has an inverse satisfying HNﬁl Hoo <1+ 5)4_(1(_—02)4/.

Proof. First of all, let A be a matrix of bandwidth d satisfying ||A||; < 1. For indices i and j, let
q = P’;—”—‘ represent the smallest integer not smaller than I’;—” We borrow from Demko [3]
the estimate

A
1—lAl;
Indeed, for any integer p the matrix A? is of bandwidth pd and, as |i — j| > (¢ — 1)d, we get

o0 o
a-ait| =3 At = Py A< ||A"||1 ZnAnl,
p=0 P=q P=q

hence the announced inequality. It then follows that
I—A—1H = ‘I—Af!‘
H( ) e’} mi‘ch Z ( )l"/
J

-] <

||M8

_ 1+@d— DAl
(= Al

o
1+2d ) ||Al (13)
g=1

1
g—
1 —[lAll
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We now observe that

1B [ u—-BO)™' |-BU—CB!
clr| ~|-cu-BO™ | a-cp ' |

The estimate of (13) for A = BC and A = CB implies the conclusion. [J

5. Bounding Ay ,, from above: the case of continuous splines

We consider here the case m=1, k>2. We have already established that the order of growth
of Ax,1=supy I Ps;. 1 (a)lloo is at least vk and we prove in this section that it is in fact Vk. We
exploit the method we have just described to obtain the following theorem.

Theorem 10. For any knot sequence A,

32+ 1

2k(k + 1) -
k— 127k

” PRk.l(A) ||oo < (k _ 1)2 O-k»o’ || PSk,l(A) ”oo <

First of all, we note that the space Rf{’l (A) is spanned by a single function f; supported on
[ti—1, ti+1]. The latter must be the kth derivative of a piecewise polynomial F; of order 2k that
vanishes k-fold at #;_1 and at #; 11, (k — 1)-fold at #; and whose (k — 1)st derivative is continuous
at ;. It is constructed from the following polynomial of order 2k:

(_l)kfl

W(l — 014 0k,

F(x) :=
which vanishes k-fold at —1 and (k — 1)-fold at 1. The notations
hi =t —ti_1, 0i:=—, i=1,...,N,

are to be used in the rest of the paper. We define the function F; by

hi k=1 F 2x — i1 — & c )
9 ‘x [ — b ] 9
) h; i—1,1

F) =1 (—hisi \* ' (ti+1tip -2
' <—’+l) F (le) x € (ti, ti41),
2 it
0, X ¢ (ti—1,tiy1).
We renormalize the function f; := Fi(k) by setting f; := pTe 7w ) Jrl(;iﬂ) Jfi» where
2x —ti—1 — ¢
251F(k) <+ ) X € (ti—l»ti)v
1
(x) = ti+tiy1 —2x
fi®) —26i 1 F® (%) . X E(ti, tiv1),
i+1

0, x ¢ (i1, tiy1).
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At this point, let us recall the connection [12, p. 64] between the Jacobi polynomials P,ffl’ﬁ ) and
@p
P

n—l >

1
(';>P,§"’/’)(x)= (”Jl“ﬁ> <%> PUPGy. 1=1.... .n, (14)

which accounts for the following expression for F®):

FOx) =20 -0""P %) = PEV ).
()(8) ( )P 0 —1 (%)

We are now going to establish that the bases ( fi),N: _]1 and (.]";)?/:_]l of Ri.1(A) satisfy the three
conditions of Lemma 8.

5.1. Condition (i)

First we determine the inner products ( f;, E), non-zero only for |i — j|< 1. This requires the
values of the successive derivatives of F; at t;_j, at #; and at #;11, which are derived from the
values of the successive derivatives of F' at —1 and at 1. These are obtained from (9) and (10),
namely they are

F(k—l)(l) — E
k’
FO1) = (=D, FO1Q) =k,
2 2
F(k+l)(_1) — (_l)kk — 1’ F(k+l)(1) — —k(k — 1).

Eq. (12) for r; = f; reads

_ 2
(fivs) = FX D@ [s7) —stH)] = L5 =sah]. s € S,

We compute the differences
fit7) — fitH) =28 FO (1) + 26,51 FO (1) = 2k(3; + 8;41),
fitt_) — fi2) =0 —26; FP(=1) = 2(=D)Fs;.
As a result, we obtain

(G DL T
k  0i+dit1

(=D g

CV % pen (i, i =
kot orm en (fit1, fi)

(fio fy=1, (fim1, fi) =
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The Gram matrix with respect to the bases ( f, 1 "and ( f ])

A f2 7

) i
fi 11k i, ?k 0
T e T e L
M= (— 1t
f3 0 r B 1
(—DF
fa 0 0 3 By 1
B 0

51+1

therefore has the form

where o; := F Ry +a >O and f; := o >0 satisty o; + 5; = 1. To bound the ¢~,-norm of the
inverse of this matrlx we could use (13) dlrectly. However, a result of Kershaw [4] about scaled
transposes of such matrices provide estimates for the entries of M ~! which, when summed, yield

the more accurate bound

[ <o

5.2. Condition (i)

From the expression for f;, we get || fi[l{ = 2[IF® ||,
(11), we have

4
Il filly = 7 k0

5.3. Condition (iii)
Let us start by establishing the following lemma.

Lemma 11. Foranyn,v € R, one has

= 2||P(1 0)||1 Therefore, according to

max [P0 A o) = max D0 +vAl |,

“1,1

Proof. Without loss of generality, we can assume that n > |v|. First of all, the identity

l
1
P(l())(x) Z(j)( ‘;x> Pk(jll)/('x)

j=0
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is easily derived using (8), (9) and (14). Indeed, we have
Py =2/ (=1 =)' TV )

R LG D
_ ! - ) 2k(4 (Iz_l)'d—k[(l+x)l~(1—x)k_l(1+x)k_l]

l .

_ k=D d 4 [poo

- & ;0( )d][<1+>] =[PP w]

22’: k—D! k! N k- (1+x)_ PUH=D) (1
oK =Pt e=DE 2 e

1
1 .
SADICS o

This identity and the symmetry relation yield
1,0 1,0
nPLD () + vPE) (—x)

_ J .
—Z< )[ (1“) +<—1)’<’f'v(lTx) ]Pk(i’f_),(x»

Every term in the previous sum is maximized in absolute value at x = 1. Indeed, according to
[12, Theorem 7.32.1], there holds ‘Pk(ilj_)j (x)| < Pk(ilj_)j (1). Besides, for j > 1, we have

1 J ) 1 — J 1 J 1 — J
n(%) +(—1)kljv< 2x> <n[< erx) +< Zx) ]gn,

and for j = 0, we have ‘;7 + (—l)k_]v| =5+ (—=1)*!v. These facts imply that

PP + v o <np O+ O

Let us now bound the max-norm of 7 := ) a; f; in terms of ||a|| . This max-norm is achieved

on (1, tj41], say, and since r|(;,.1,, ;] = a; fi + a;+1 fi+1, Lemma 11 guarantees that this max-norm
is achieved at one of the endpoints of [#, ;41], say at f;. Thus we have

I7lloo < [|760] + | @] lalloo < [ 3 [FO O]+ £ [FO D] lalle,

that is

1> 7] <L ale.

5.4. Conclusion

The estimates obtained from conditions (i)—(iii) yield

K4 k+1  2k(k+1)
||PRk<1(A)||oo<m'sz,o- T = = Ok

s5)
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To conclude, we derive the bound

2k(k + 1) 3k + 1
g,
hk—1)2 0T G2 %

1Ps [l < 1 Pscoy | o + PR | o <Or0 +

This upper bound is much better than the bound || G(;l loo, already mentioned in the Introduction,
which was given by de Boor in [2], at least asymptotically. In fact, this becomes true as soon as
k = 4, as the following table shows. The values of ||Gg1 lloo are taken from [10].

k 2 3 4 5 6 7 8
fk’f;lz oro 21.666 15230  14.178 14.162 14.486 14.948 15.470
1G5 oo 3 13 41.666 171 583.8 2364.2 8373.857

Let us finally note that the estimate of (15) is fairly precise in the sense that it is possible to

obtain supp | PR, ;(A)lloc = 20%,0 simply by considering Pg, (A)(e)(7;) when N = 2,11 — 0.
This implies

Sup ” PSk 1(A) ” Sup ” PRA 1(A) ” - ” PSk,o(A) ”oo Z 0,0

If, as we believe, the lower bound gy, is the actual value of A ,,, the previous inequality reads
0k.1 =0k 0. This is in accordance with the expected monotonicity of ¢x , and can be proved as
follow. First, we readily check that

1
Pm = Pr,m+1 @ span [(1 +o)" Pk(o 12mr:1)] :

From the representations of the Lebesgue functions at the point 1 of the orthogonal projectors
onto these spaces, we obtain, for some constant C, the identity

27" et m)(L 40" PP () =272k m 4 D+ 0" R ()

k—2—m
m p(0,2m+1)
+C(1 4 x)" PO (1),

The value of the constant C is 2_m_1(2m + 1), as seen from the choice x = 1. Withm = 0,
we get

Epiom =2l opt P+ 2 P“”)( ).

The inequality o 0 <oy 1 is then deduced from

k(! 1.0
k0 = Pro = '/1 1P ()| dx

2]
k+1 1 /!
< / (1 + )|P,§1§)(x>|dx+2f PO )] dx
—1
n 1 k—1 n 1
= — = —0, —0 .
Pk.1 kpk,O A k.1 X k,0
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6. Bounding A ,, from above: the case of differentiable splines

We consider here the case m = 2, k>3, for which the order of Ay 2 = supy I PS5 ) lloo 18

also shown to be v/k. This section is dedicated to the proof of the following proposition, where
the notation u, <v, for two sequences (u,,) and (v,) means that there exists a sequence (wj,) such
that u, <w,,n € N,and w,, ~ v,.

n— o0

Proposition 12. For any knot sequence A,

36v2 3842
[ PR 57‘&7 | Psiamll ,57&.

The function f; previously defined is an element of the two-dimensional space R};,Z(A). In this
space, we consider an element g; orthogonal to f;. It must be the kth derivative of a piecewise
polynomial G; of order 2k supported on [t;_1, t;+1]. The function G; must vanish k-fold at #;_;
and at t;1, (k —2)-fold at #; and its (k — 2)nd and (k — 1)st derivatives must be continuous at #;.
It is then guaranteed that g; = G;k) belongs to R};ﬁz(A). To be orthogonal to f;, the function g;
must further be continuous at #;. Let us introduce the polynomial G of order 2k,

(—=D*

g (=0 A+ 0"

G(x) =
which vanishes k-fold at —1 and (k — 2)-fold at 1. Let us remark that

GY@ =41 =02 PV = P2 ).

We now define the auxiliary function H; by

k=1
<5z+1 + I/i-l- 15[) (%) F (—Zx t,;l_l tl)
1 (h\2 (2x—ti_y —t;
k+1 ( ) <—l) X € (ti-1, 1),
Hi(x) := _( >< ,+1) <t1+tl+1—2x>
l+l> hl-‘rl

k—2
i+1 t,+l,+1 2x
s x € (L, s
k+1< G (") o

0, x & (ti—1, tit1),

and we set, for some positive constants A and i to be chosen later,

A
(k) H
G, :=——H;, =G; and = _—
T Sito S & T iAot

First of all, we have to verify that g; defined in this way is indeed an element of R};yz (A) orthogonal
to f;, i.e. we have to establish the continuity at #; of the (k — 2)nd, (k — 1)st and kth derivatives of
G, or equivalently of H;. The values of the successive derivatives of G at —1 and at 1, obtained
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from (9) and (10), are needed. They are

4
(k=2) _
G*2(1) = =D’
GP(-1) = (-DF, G*Da) =2,
G*D(—1) = (_1)k—lw, GM (1) = @,
G+ (1) = k(k — 2)(k* — 1).

12

As F&=2)(1) = 0, the continuity of Hi(k_z) at 1; is readily checked. We have
4
k=2) (o= _ pgk=2) 4\ _ (k—=2) —
H, t7)=H, ) =——G N=———.
! @) ! ") k+1 )= k(k2 —1)

As for the continuity of Hi(k_l) at 1;, it follows from

(k 1) -
H =g 5; '—2——'251 2= (841 — &
P ( +1+k 1 ) ( +1 )s

k—1 2 1

(k=1) -+

H. N = + ; L (=2 2= Z(8i41 — ;).
; (") = (5 A 5+1> (—=26i41) - (5+1 i)

Finally, the continuity of Hi(k) at #; is a consequence of

k—1 1 k(k —
HO @) = (5i+1 * k+15) 200 k= 457 : 2 .
=2ko;0i41,
k—1 k(k—1)
(k)
H; (t,-+)=—(5i+k+l z+1> (=20i41) k— —— ol 457 - )

= 2kd;0i41.

This justiﬁes the definition of g;. We are now going to establish that the bases ( f;, g,-)lN: _11 and
( f, , g, -1 Uof Ri2(A) satisty the three conditions of Lemma 8.

6.1. Condition (i)

First we determine the entries of the Gram matrix. The values of Hl.(kﬂ)(tf) and Hi(kﬂ)(t;r)
are required, they are

k—1 k(2 —1
H,-“‘“)(tf):(a,-H +—5,-) ap HEZD

k+1 4

- le : 857 k(k — 21);k2 -0 _ k(k23_ 1)[5? 3%,
Hi(k+1)(;l.+) =_ ((2’ + %5,~+1) 5,+1 @

- (—851'3+1) s DE 1 = _k(k2 — 1)[5:+1 + 34 5z+1]

k+1 12
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Eq. (12) yields, in view of the continuity of Hi(k) att;,

~ 2 *k-2) Ut — WD)
810 = m - (_Hi Oi)) ' [Hi (ti ) — Hi (t,- )]
p 4 k(k> — 1) s 4%
B 6; + 5i+1)3 . k(kZ -1 ’ 3 0; + 0i41)” = T

We impose from now on 472 u = 3, so that (g;, g;) = 1. Consequently, after a reordering of the
bases, the Gram matrix has the form

frafs&..frefigs...
fi

/3 I B

83

12
82
fa C 1

84

The matrices B and C are, respectively, lower and upper bidiagonal by blocks of size 2 x 2.
Their entries are given in Lemma 13 below and their £1-norms satisfy max (|| B||1, [|[C|l1) =
max; max(®;, ¥;), where

®; = [{fiet, )| + Wgimts f)l+ 1 fist, )l + 1gis1s F),

Wi o= [{fi-1, 8 + [ gi—1. &) + [{fis1, )| + 1(gi+1. &)1

Lemma 13. With o; = (xf—(‘m and f; = (Xi—g,lﬂ’ one has
~  (=DF ~  (=DF
(fi—1, fi) = P (fi+1,fi>=Tﬁia
(=D ~ L (=DF
(&i—1, fi) =l % (gi+1, fi) ZATﬁi,
3= . 3(=D!
(fi-1,8) = PRt (fix1,81) = ZTﬁi’
- 3 - 3
[{gi—1,8i) < 2% |<gi+lvgi>|<zﬁi-
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Proof. (1) The inner products (f;_i, ﬁ) and (fjt1, ﬁ) have been computed in the previous
section.

(2) We now calculate
A G * (ot

SPTN) Ep— A H*
(i) =55 o [HO0) — B 6]
a2
Tk
+

_11+5
k —

- Lo ) - (226 (b1 — L ag2 1
[ (5 o )(25,) (D = g 407 1)}

—1 k—1
YL

k

2
Oix1 + 0it2

2

0i,

(fir i) = [ = B 0]

St +0i2

[

(=DF
=44
k
The values of the inner products (g;_1, ﬁ) g+, ﬁ), (fi+1, gi)and (f;_1, g;) are easily deduced,
keeping in mind that 44>y = 3.
(3) As for the inner products (g; 1, g;) and (g;+1, &;), we determine first the value of H.
We have

k—1 k> —1
(k+l) 2 k

H 2 —{d;— +—5i 465 (=1 ——
)= ( ! k+1 ) i (=D 2

B 3 1 =2k + 1)
k+1 H(=85) - (=D 2
=2(—DF K2 = 1)(i—1 + )07 + 4(—1)k53.

2
k
2
k
k —
k +

1 1
5l+1> 26i41 - (=D} 1+F 467, - (—1>k}

Oit1-

(k+l)(t ).

Let us note that the value of Hi(f)l (¢;) has just been determined in stage (2) when we computed
(fi, gi—1)- Then, according to (12), we obtain
’\2

@it + 001 + 0r1)
_Hi(k 2)(l1) [H(kﬂ)(t ) — H(kH)(ﬁ)]}
/12
T @im1 + 001 + di+1)
(2D = D@imy + 0007 + 4(—1)"5?)}

(gi, &i—1) = {Hi(k_l)(tl) [H(kl(f ) — Hi(f)l(ti—i_)il

: {;(&-H — ) - 2(=D*18;(8;—1 + 87)

4

trE—n

3 22 4(—1)k1
T (Gim1 + 000 + 0ig1) k

_ » (D! 4P 1%
=4 p 1— 21 0;.

4
[(5, 1+0)(0i+0i41)0i— 53}
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Remembering that 472 w =3, it now follows that

(=D APi 10
(gi—lsgi)z?’T 1= kZl—lll %
SN Gt ol I
and that (g;11,g;) =3 X 1- kzl —H_ll Pi-

To complete the proof, we just have to remark that the two expressions in square brackets are not
greater than 1 in absolute value. [J

[Nl

+3
k

We infer from Lemma 13 that @; < % IS

1 .3
max (I B, [C]l1) < max<1+ﬂ,z+3>.

The latter is minimized for 1 + 2 = 3/4 + 3, i.e. for 2 = 3. In view of Lemma 9, the ¢-norm
of M~! can be bounded provided that k > 4. Precisely, since BC and CB are of bandwidth 3 and
since max (|| B|loo, |Cllco) < 1k—2, we have

k(k + 12)(k% + 80)
(k? — 16)?

<

6.2. Condition (ii)

From the expression of H;, we obtain

3 k—1 26
My =—"(s S5V FR T gk
lsillt = 55 “(l+l+k+1 ’) k+1 )

3 k—1 20i41
— = \={s 5 F® i+ G
+(Si+5i+1 <1+k+ll+l> +k+1

20(,'
A (F® G(k))
k+1 ( +

1

+3 ” po 20— %) (FO+ G(k))'

—3|F® _
| =

1
(F(lo T G(k))

1

<3|F®| +3 HF<’<>
1

k41 1

the last inequality holding due to the convexity with respectto o; € [0, 1] of the function involved.
We remark that, according to Proposition 6, the quantity [|G®|; = || Pk(i’g ) I1 tends to a constant
as k tends to infinity. This accounts for the rough estimate

“l=r o, <227

||81||1<—” (k)H + ko+— \/_\/_

k+1 k+1” k+1 k+1

The same estimate holds for || f;||1, as can be inferred from Section 5.2.
6.3. Condition (iii)

Let us now consider the max-norm of r := " a; fj + > b;g;, which we want to bound in
terms of max;(|a;|, |b;|). The function r achieves its max-norm on [#;, #;41], say, where the form
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of r(x), x € (#, t141), is
2x — ) — t
1P @)+ v P (—u) + ' PED W) + v PEY (—u),  w= —hl sy
I+1

Such a function of u does not necessarily achieve its max-normatu = +1,e.g.y = v =2andy =
v/ = —1 provides a counter-example when k = 5. However, the separate contributions Cj(u) =
P(1 0)(u) + vP(1 0)( u) and Cr(u) =9 P(2 0)(u) + v P(2 O)( u) do. The first contribution is

—a0i+1 Ai+10141 (k)
Clu) = — 1 _phyyy y I p
v 2(d1 + 6141) o 200141 + 0142) o

by (51 + %&H) ot b1 (51+2 + %(Ml) 0141
—FO ) + 3
2(01 + 01+1) 2(0141 + 0142)
Its max-norm is achieved at 1, say, i.e. |Cq(u)|<|C1(1)], and we get

+ F® ).

01+1 0141
200/ +6141)  2(6141 + b142)

(51 + %514—1) 0141 (51+2 + %&H) 0141
201 + d141)? 200141 + 0142)*
(51 + %51“) 0141 (51+2 + %5#1) 0141

- + - k | max(|a;l, |b;]).
(5l+5l+1)2 (5l+1+bl+2)2 ] | ]| | j|)

IC1 )] <

+

k mj«?lX(Iajl, 1bj1)

We use the fact that, for £ >0, one has [r + k/(k + 1)]/(t + 1)><k/(k + 1) with t = 6;/;41 and
t = 0142/0;41 to obtain |Cy(u)| <k max;(la;|, [b;]).
As for the second contribution, we get

|C2(u)| _ | bl 512+1 G(k)(—u) _ bl+] (312+1 G(k)(u)
(k + 1)(d; + d141)? (k+ 1) (841 + 142)2
1 Kk — 1) K k42
S k+1 <1+ ) )mla-x(|aj|v|bj|):mmj&xﬂaﬂ,wﬂ).

Putting these two contributions together, we deduce that

- N 3k +k+2 3k
(X a3 0w < Sgny masasl1bh, > 5 maxdagl. ;).

6.4. Conclusion

The estimates obtained from conditions (i)—(iii) yield

24V2 3k 362 382
”PRk,Z(A)”oofS \/_\/_ 5 = NG \/_ thus ”PSAz(A)”ooN NG \/_

In contrast with the case of continuous splines, the numerical values of our upper bound are
unsatisfactory, e.g. we obtain roughly 1574 for k = 6. When k is small, this is partly due to the
poor estimate of (16). One way to improve it would be to consider bases of R 2(A) better suited
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to the evaluation of the inverse of the Gram matrix, providing in particular a bound also valid for
k =3 and 4.

Let us finally remark that if we consider Pg,,)(e)(#;) in the case N = 2, 11 — 0, we
can again show that supy || PR, ,A)llco = 20%.0, hence that supp || Ps, ,A)lloo = 0k.0. If the lower
bound oy, is indeed the value of Ay, this reads oy 2 > 0% 0, in accordance with the expected
monotonicity of o .
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